We consider the problem of modelling the flow of a slightly compressible fluid in a periodic fractured medium assuming that the fissures are thin with respect to the block size. The microscopic model consists of the usual equation describing Darcy flow with the permeability being highly discontinuous. Over the matrix domain, the permeability is scaled by (εδ) 2 , where ε is the size of a typical porous block, δ representing the relative size of the fracture. We consider a nonstandard interface condition: a jump of the pressure is taken into account and proportional to the flux by mean of a function (εδ) −γ where γ is a parameter. Using two-scale convergence, we get homogenized models which govern the global behaviour of the flow as ε and δ tend to zero. The resulting homogenized equation is of dual-porosity type model that contains a term representing memory effects for γ ≤ 1, and it is a simpleporosity model with effective coefficients for γ > 1.
Introduction
Modelling of flow in fractured media is a subject of intensive research in many engineering disciplines, such as petroleum engineering, water resources management, civil engineering. A fissured medium is a structure consisting of a porous and permeable matrix which is interlaced on a fine scale by a system of highly permeable fissures. The majority of fluid transport will occur along flow paths through the fissure system, and the relative volume and storage capacity of the porous matrix is much larger than that of the fissure system. When the system of fissures is so well developed that the matrix is broken into individual blocks or cells that are isolated from each other, there is consequently no flow directly from cell to cell, but only an exchange of fluid between each cell and the surrounding fissure system. The large-scale description will have to incorporate the two different flow mechanisms. For some permeability ratios and some fissures width, the large-scale description is achieved by introducing the so-called double porosity model. It was introduced first for describing the global behaviour of fractured porous media by Barenblatt et al. [6] and it is since used in a wide range of engineering specialties related to geohydrology, petroleum reservoir engineering, civil engineering or soil science. More recently, fractured rock domains corresponding to the so-called Excavation Damaged Zone (EDZ) received an increasing attention in connection with the behaviour of geological isolation of radioactive waste after the drilling of the wells or shafts.
The usual double porosity model is assuming that the width of the fractures containing highly permeable porous media is of the same order as the blocks size. The related homogenization problem was studied in [5] , and was then revisited in the mathematical literature by many other authors (see, e.g., [8] , [9] , [16] , [19] , [21] , and [23] and the references therein). A double porosity type model with thin fissures was studied in [4] , [10] , and [20] . Let us mention also that homogenization problems involving Robin interface conditions has been studied in past years (see, e.g., [3] , [13] , [14] , [15] , [16] , [17] and the bibliographies therein).
The goal of this paper is to develop a macroscopic model of a double porosity flow in a fractured porous medium with nonstandard interface conditions between the matrix blocks and fracture systems. More precisely, we consider a periodic fractured porous medium Ω made of a set of porous blocks with permeability of order (εδ) 2 , where ε is the normalized microscopic length scale of a typical porous block and δ is the relative fracture width (0 < ε δ 1); these porous blocks are surrounded by a system of connected fissures with permeability of order 1. Here we choose Robin conditions at the interface between the blocks and fractures. We consider the continuity of the flux at the interfaces but there is a jump of the pressure which is proportional to the flux by mean of a function (εδ) −γ where γ is a parameter. The macroscopic models are obtained by using two-scale convergence method [2] .
The outline of the paper is as follows. In section 2, we derive the model used in this study by considering a double porosity model with a thin weakly permeable layers between fissures and blocks. The model is obtained by tending to zero the thickness of this layer. Section 3 contains the equations of microscopic model and the main results of the paper which correspond to different values of the parameter γ as ε and δ tend to zero. There are three typical different behaviours for γ equal, strictly greater or lower than one. The resulting homogenized equation is of dual-porosity type model that contains a term representing memory effects for γ ≤ 1, and it is a simple-porosity model with effective coefficients for γ > 1. Section 4 is devoted to the proof of the convergence result for γ = 1. The result when γ > 1 is proved in Section 5. The proof of the convergence result for γ < 1 is carried out in Section 6. Note that the expression of the exchange kernel is different for the two homogenized models corresponding to γ = 1 and γ < 1. Here, we have used only the recently developed notion of two-scale convergence. Additional conclusions are drawn in Section 7.
A double porosity type model with Robin interface conditions
In this section, we derive a double porosity model with nonstandard transmission conditions at the interface between the matrix and fracture. Namely, continuity of the flux and a jump of the pressure proportional to the flux. We consider a fractured porous medium Ω made of blocks Ω m and fractures system Ω m separated by a thin layer Ω l (see Figure 1) . Notice that such a layer always exists in the nature because of the sedimentation process, and is usualy called colmated layer. This layer will disappear in the resulting microscopic model. This is the reason why we call our model a degenerated triple porosity model. Let us now describe briefly how we can replace the layer by introducing some equivalent transmission conditions. These conditions appear to be of Robin's (or Fourrier's) type (see (3.14) below). Figure 1 . A fractured domain with an intermediate layer. We denote by k f and k l the permeabilities of Ω f and Ω l respectively. Over the matrix domain, the permeability k m is scaled by ε 2 , where ε is a small parameter representing the size of Ω m . Let Ω l be a thin layer between matrix blocks Ω m and fractures system Ω f . We suppose that the boundary of the layer is rather smooth. Let Γ ml be the interface between the block and the layer and let Γ f l be the interface between the fracture and the layer. We suppose for the simplicity that the interfaces Γ f l and Γ ml are collinear, i.e. n f l = n ml , where n f l is the vector normal to Γ f l oriented from Ω f to Ω l , n ml is the vector normal to Γ ml oriented from Ω l to Ω m . Moreover, n f l = n ml = τ , where τ is the transversal direction across the layer. Let h be the thickness of Ω l and {τ, η} be the orthogonal transversal and longitudinal coordinates inside the layer.
Single phase, slightly compressible fluid flow through Ω is then described by Darcy's law and continuity subject to the classical conditions of pressure and flux continuity on Γ ml and Γ f l :
where u i denotes the pressure in the subdomains Ω i , i = f, l and m.
Consider an iso-curve AB : η = constant in Ω l which crosses Γ f l and Γ ml at the points A and B, respectively. We assume that: (i) the transverse permeability k lτ of the layer is much higher than the longitudinal layer permeability, so that the flow inside the layer is oriented along the transverse coordinate τ only; (ii) the layer is so thick that the characteristic time of non-stationary effects which is proportional to h is negligible, so the flow inside the layer is stationary.
Then the continuity equation and the Darcy law in the layer are:
For the pressure derivative along the transverse direction we have
This equation may be considered as a stationary model of flow through the interface layer. We have:
for any fixed AB. Then the interface conditions (2.1) yield:
2) may be easily integrated along the curve AB:
Then using (2.1) and (2.3) we get
Let now h → 0. Then Γ f l → Γ ml ≡ Γ mf . Then (2.4) and (2.6) take the form:
where σ denotes the limit of the ratio k lτ /h, which we assume finite and positive.
Formulation of the problem and the main results
In this section, we describe a microscopic double porosity model with Robin interface conditions in a periodic fractured medium. We consider a reservoir Ω ⊂ R 3 to be bounded connected domain with a periodic structure. More precisely, we will scale this periodic structure by a parameter ε which represents the ratio of the cell size to the size of the whole region Ω and we will assume that 0 < ε 1 in a decreasing sequence tending to zero.
Let Y = (0, 1) 3 representing the microscopic domain of the basic cell of a fractured porous medium. For the sake of simplicity and without loss of generality, we assume that Y is made up of two homogeneous porous media M δ and F δ corresponding to the parties of the microscopic domain occupied by the matrix block and the fracture, respectively. We assume that M
δ is an open cube centered at the same point as Y with length equal to (1 − δ), where 0 < δ < 1. Since the measure of the set F δ is given by Let us introduce now the permeability coefficient and the porosity of the porous medium Ω. We set
where k f is the permeability of the fissures, k m is the permeability of the blocks, ω f is the porosity of the fissures, ω m is the porosity of the blocks; 1 
Single phase, slightly compressible flow through a fractured medium, is described by Darcy's law and continuity:
where Q ∈ L 2 (Ω) represent external sources. We assume that in a such geometrical configuration of Ω, the transmission conditions described in Section 2 are of the form:
where ν is the normal vector on Γ ε,δ mf (exterior to Ω ε,δ f ), γ ∈ R is a parameter and σ is a positive constant.
The system is completed by boundary and initial conditions:
For the sake of simplicity we assume that ∂Ω ε,δ m ∩ ∂Ω = ∅. Next, following the lines of the paper [12] , we develop the variational formulation for the initial boundary value problem (3.12)-(3.15) and show that the resulting Cauchy problem is well posed in the appropriate function space. Define a state space
a Hilbert space with the inner product
where the components of any function
We also define the energy space
If we multiply now each of (3.12), (3.13) by corresponding
, integrate over corresponding domains, and make use of the transmission and boundary conditions (3.14)-(3.15), we find that the couple of functions u ε,δ = {u
, where F ≡ {Q, 0} and the operator A ε,δ is defined by
The variational formulation of problem (3.12)-(3.15) is the following.
Conversely, a solution of (3.18) will satisfy (3.12)-(3.13), and if it is sufficiently smooth, then it will also satisfy (3.12)-(3.15). Now [22] (Chapter III) implies the following existence result.
It is already known that the ε and δ limits are commuting [10] . We then choose to study the asymptotic behaviour of u ε,δ solution of problem (3.18) as ε → 0 and δ → 0. Due to the vanishing measure of the fissure, we should define the convergence of sequences according to the singularity of the fissure measure. For this, inspired by [7] , [10] , [11] , [18] , and [23] we define:
Models corresponding to the various situations are given by the following convergence results: (3.14) . Then, for any t ∈]0, T [, u ε,δ solution of (3.18) L ε,δ -converges to u * solution of a global model with an additional source term S(u * ) and the fracture porosity as effective porosity:
where
Remark 1 The appearance of the function erfc in (3.19)-(3.20) is not occasional.
This function traditionally appears as a solution of a 1D diffusion problem on a semi-finite stright line. In our model, if a fracture is very thin then the adjacent block is semiinfinite for it. Moreover, the pressure stabilisation in a fracture happens very rapidly as the fracture permeability is very high, so the pressure along the block boundary is practically uniform, which stands that no flow will be observed in the direction parallel to the block boundary. Thus, within a block we obtain a problem of 1D diffusion from the intefrace with fracture towards infinity in the direction normal to the block boundary. This process is described by the erfc-function which determines finally the kernel structure in convolutions entering in the macroscale model.
* solution of a simple porosity model with effective constant porosity and permeability:
Theorem 3.5 Let γ < 1 in (3.14). Then, for any t ∈]0, T [, u ε,δ solution of (3.18) L ε,δ -converges to u * solution of a global model with an additional source term S(u * ) and the fracture porosity as effective porosity:
Remark 2 Notice that the homogenized model (3.22)-(3.23) describes the well known Loverier phenomenon (see, e.g. [19] ).
Proof of Theorem 3.3
Knowing from [10] that the limit as (ε, δ) → 0 does not depend on the order, Theorem 3.3 will be proved in three main steps. On the first step fixing δ we apply the Laplace transform to the boundary value problem (3.12)-(3.15) and study then the asymptotic behaviour of u ε,δ λ solutions of the corresponding stationary boundary value problem as ε → 0. We obtain then a stationary boundary value problem considered in the whole domain Ω but with the coefficients depending on the parameter δ. On the second step we pass to the limit as δ → 0 and obtain a stationary homogenized problem, i.e. the problem independent of ε, δ. Finally, on the third step we make use of the L ε,δ -convergence of u ε,δ λ solution of (3.12)-(3.15) to u * λ solution of the stationary homogenized problem to prove Theorem 3.3.
Notice that the proof of the corresponding convergence result (see Theorem 4.3 below) as ε → 0 make use of the arguments close to ones used in [3] and [17] . Therefore, we present here only the main lines of this proof.
Step 1. Passage to the limit as ε → 0
Let us fixe δ. Definition 4.1 Let Ω ε be any subdomain of the domain Ω, we will say that the sequence
The convergence of the homogenization process of the stationary version of the boundary value problem (3.12)-(3.15) for fixed δ > 0 when ε → 0 will be given by Theorem
solution of (3.12)-(3.15) with γ = 1 and study then the corresponding boundary value problem: 
where ν is the exterior normal vector on Γ δ mf ; K δ = {k δ ij } is the homogenized permeability tensor defined by:
with w i being the unique solution in 
Proof of Theorem 4.3. Our starting point is a preliminary convergence result for the solution described above. 
, and a subsequence of solutions of (4.24) which two-scale converges as follows: The proof of the Lemma is based on the following a priori estimates on the family {u ε,δ λ } ε,δ>0 :
where C is a constant independent of ε, δ and makes use of arguments similar to those in [2] . From (4.24) we easily get the following variational formulation of this boundary value problem. We have:
. We pass to the two-scale limit in (4.29). In particular, as in [3] (see also [14] for similar arguments) we have the following convergence result for the term involving Γ ε,δ mf .
Lemma 4.5 Let
Then
Finally we obtain the variational formulation of (4.25). This completes the proof of Theorem 4.3.
4.2
Step 2. Passage to the limit as δ → 0 Now we pass to the limit as δ → 0. First we study the asymptotic behaviour, as δ → 0, of the effective source term S(u 
Proof of Lemma 4.6. Consider the boundary value problem for the function u δ mλ = u δ mλ (x, y):
where M δ is an open cube with length equal (1 − δ),
It is clear that
(4.34)
Changing the variables (without changing the notation) we obtain that U δ mλ is the unique solution of
where M is the open unit cube in R 3 ,
as δ → 0. We rewrite (4.35) as follows:
be the face of the cube M defined by
Let us introduce the function v . We have:
In the same way we construct the function v We have
We also construct the functions v ± k (y k ) for k = 2, 3 and introduce the function Φ δ = Φ δ (y) in the following way:
It is clear that Φ δ verifies the first equation in (4.37) but it verifies the boundary condition with some "small" residual δ = δ (y), i.e. the function (U δ mλ − Φ δ )(y) verifies the following boundary value problem: 
Now Cauchy's inequality and (4.46) imply:
In fact our main interest is the third term in the LHS of (4.47). We have:
It is clear that the integral in the RHS of (4.48) tends to zero as δ → 0. In fact, for any face M ± y k we can take a square S 
This means that we can replace the surface integral of the function U δ λm by the the integral of the the function Φ δ . Now the statement of the Lemmma follows from simple calculations.
Lemma 4.6 is proved. Lemma 4.6 shows that we have separated our coupled system. The source term S(u δ f λ , u δ mλ ) appears as the function u δ f λ with a coefficient depending on λ and δ. In fact we replace (4.25) by the following boundary value problem:
where the factor C(λ, δ) is calculated by the function U δ mλ . Thus the limit of u δ f λ as δ → 0 will give a global behaviour of the system.
Following now the arguments of [11] (Chapter 2) and using (3.8) one can show the following. Let us show now that u ε,δ f λ L ε,δ -converges to u * λ solution of (4.50). In fact, we have 1 |Ω 
Step 3. Proof of the convergence result in Theorem 3.3
Consider the boundary value problem (3.12)-(3.15). Using standard parabolic theory one can obtain the following uniform estimate:
where C 1 is a constant independent of t, ε, δ. Then, for any t ∈]0, T [, the function u
Here the constant µ ε,δ is defined by 
where C 2 is a constant independent of ε, δ. Moreover, u Let now u * λ be the solution of the boundary value problem (4.50) with an arbitrary complex λ such that arg λ = π. The solution u * λ of this problem is an analytic function with respect to λ in the complex λ-plane C \{arg λ = π} and
for | arg λ − π| ≥ θ 0 > 0. Moreover, the solution of problem (3.19)-(3.20) can be represented as follows
where u * λ is the solution of the boundary value problem (4.50) with an arbitrary complex λ such that arg λ = π. Now it follows from (4.55)-(4.58) that
and
From Theorem 4.8, for any λ > 0, we have
is an analytic function with respect to λ and it is uniformly bounded with respect to ε, δ. Therefore, (4.61) is valid for any complex λ and the limit is achieved uniformly with respect to λ for any compact set in the domain | arg λ − π| ≥ θ 0 > 0. Now from (4.59)-(4.61) we obtain that 
Sketch of the proof of Theorem 3.4
The main lines of the proof of Theorem 3.4 are similar to those of Theorem 3.3.
On the first step we fixe δ and then pass to the limit as ε → 0. The convergence of the homogenization process of the stationary version of the boundary value problem (3.12)-(3.15) for fixed δ > 0 when ε → 0 will be given by Theorem 5.2. For this we consider u ε,δ λ = {u ε,δ f λ , u ε,δ mλ } the Laplace transform of u ε,δ solution of (3.12)-(3.15) with γ > 1 and study then the corresponding boundary value problem:
where λ > 0. Concerning this problem we first have (see, e.g. [14] for similar arguments). Finally we obtain the variational formulation of (5.64). In particular, this formulation implies that the function u ε,δ mλ verifies the following boundary value problem: Therefore, taking φ m (x, y) = φ f (x) for y ∈ F we pass to the two-scale limit in (5.65) in the case when γ < 1 and we obtain the variational formulation of (6.67).
6.2
Step 2. Passage to the limit as δ → 0 Now we pass to the limit as δ → 0.
First we study the asymptotic behaviour, as δ → 0, of the effective source term S(u Therefore, the following result is proved. We complete the proof of Theorem 3.5 repeating word by word the arguments from Section 4.3. Theorem 3.5 is proved.
Concluding remarks
Macroscopic behaviours for a double porosity model of single phase flow with Robin interface conditions has been formulated and analyzed in this paper. The convergence of the homogenization process in a suitable topology have been established. The main feature of the homogenized models is that the effective coefficients and the exchange kernel of the long time operator are obtained explicitly. This model may be of practical use for the numerical simulation of flow in fractured media. This study was intended as a first step to the homogenization of highly heterogeneous reservoirs with thin fissures. We are now investigating the homogenization problem of a coupled system modelling the flow and transport of contaminants in such porous media.
